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WEIGHTED RIESZ BASES IN G-FUSION FRAMES AND
THEIR PERTURBATION
GHOLAMREZA RAHIMLOU, VAHID SADRI, AND REZA AHMADI
Abstract. In this paper, we introduce orthonoramal and Riesz bases
for g-fusion frames and will show that the weights have basic roles.
Next, we prove an effective theorem between frames and g-fusion frames
by using an operator. Finally, perturbations of g-fusion frames will be
presented.
1. Introduction
Bases play a prominent role in discrete frames and their studying can
extract interesting properties from the frames. One of the most important
types of bases are orthonormal bases and also, as their special case, the Riesz
basis. The Riesz basis has been defined in [6] by the image of orthonormal
bases with a bounded bijective operator. Afterwards, this basis has been
equalized in a property with complete sequences and inequalities for the
synthesis operator. Sun in [17] could introduce a Riesz basis for g-frames by
using that property and we will continue his method in Section 3 for g-fusion
frames. In Section 4, we present a useful operator for characterizations of
these frames and finally in Section 5, a perturbation of these frames will be
studied.
2. Preliminaries
Throughout this paper,H andK are separable Hilbert spaces and B(H,K)
is the collection of all bounded linear operators of H into K. If K = H, then
B(H,H) will be denoted by B(H). Also, πV is the orthogonal projection
from H onto a closed subspace V ⊂ H and {Hj}j∈J is a sequence of Hilbert
spaces, where J is a subset of Z. It is easy to check that if u ∈ B(H) is an
invertible operator, then
πuV uπV = uπV .
We define the space H2 := (
∑
j∈J⊕Hj)ℓ2 by
H2 =
{{fj}j∈J : fj ∈ Hj, ∑
j∈J
‖fj‖2 <∞
}
,(1)
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with the inner product defined by
〈{fj}, {gj}〉 =
∑
j∈J
〈fj, gj〉.
It is clear that H2 is a Hilbert space with pointwise operations.
Definition 1. Let W = {Wj}j∈J be a collection of closed subspaces of H,
{vj}j∈J be a family of weights, i.e. vj > 0 and Λj ∈ B(H,Hj) for each j ∈ J.
We say Λ := (Wj,Λj , vj) is a generalized fusion frame (or g-fusion frame)
for H if there exists 0 < A ≤ B <∞ such that for each f ∈ H
A‖f‖2 ≤
∑
j∈J
v2j ‖ΛjπWjf‖2 ≤ B‖f‖2.(2)
We call Λ a Parseval g-fusion frame if A = B = 1. When the right hand
side of (2) holds, Λ is called a g-fusion Bessel sequence for H with bound
B. Throughout this paper, Λ will be a triple (Wj ,Λj , vj) with j ∈ J unless
otherwise noted.
The synthesis and analysis operators in the g-fusion frames are defined
by
TΛ : H2 −→ H , T ∗Λ : H −→ H2
TΛ({fj}j∈J) =
∑
j∈J
vjπWjΛ
∗
jfj , T
∗
Λ(f) = {vjΛjπWjf}j∈J.
Thus, the g-fusion frame operator is given by
SΛf = TΛT
∗
Λf =
∑
j∈J
v2jπWjΛ
∗
jΛjπWjf
and
(3) 〈SΛf, f〉 =
∑
j∈J
v2j ‖ΛjπWjf‖2.
Therefore
AI ≤ SΛ ≤ BI.
This means that SΛ is a bounded, positive and invertible operator (with
adjoint inverse). So, we have the reconstruction formula for any f ∈ H:
(4) f =
∑
j∈J
v2jπWjΛ
∗
jΛjπWjS
−1
Λ f =
∑
j∈J
v2jS
−1
Λ πWjΛ
∗
jΛjπWjf.
For the proof of followings, see [16].
Theorem 2.1. Λ is a g-fusion Bessel sequence for H with bound B if and
only if the operator TΛ is well-defined and bounded operator with ‖Tλ‖ ≤
√
B.
Theorem 2.2. Λ is a g-fusion frame for H if and only if
TΛ : H2 −→ H,
TΛ({fj}j∈J) =
∑
j∈J
vjπWjΛ
∗
jfj
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is a well-defined, bounded and surjective.
Definition 2. A g-fusion frame Λ˜ := (S−1Λ Wj ,ΛjπWjS
−1
Λ , vj) with g-fusion
frame operator SΛ˜ = TΛ˜T
∗
Λ˜
is called the (canonical) dual g-fusion frame of
Λ.
Now, we can obtain
f =
∑
j∈J
v2jπWjΛ
∗
j Λ˜jπW˜jf =
∑
j∈J
v2jπW˜j Λ˜j
∗
ΛjπWjf,(5)
where W˜j := S
−1
Λ Wj , Λ˜j := ΛjπWjS
−1
Λ .
Definition 3. Let Λj ∈ B(H,Hj) for each j ∈ J. Λ = (Wj ,Λj , vj) is called
gf-complete, if
span{πWjΛ∗jHj} = H.
It is easy to check that Λ is gf-complete if and only if
{f : ΛjπWjf = 0, j ∈ J} = {0}.
Proposition 1. If Λ = (Wj ,Λj , vj) is a g-fusion frame for H, then Λ is a
complete.
Proof. See [16]. 
3. gf-Riesz and Orthonormal Bases
Definition 4. Let W = {Wj}j∈J be a collection of closed subspaces of H
and j ∈ J. We say that (Wj ,Λj) is a gf-orthonormal bases for H with respect
to {vj}j∈J, if
〈viπWiΛ∗i gi, vjπWjΛ∗jgj〉 = δi,j〈gi, gj〉 , i, j ∈ J , gi ∈ Hi , gj ∈ Hj
(6)
∑
j∈J
v2j ‖ΛjπWjf‖2 = ‖f‖2 , f ∈ H.(7)
Definition 5. Λ = (Wj ,Λj , vj) is called a gf-Riesz basis for H if
(1) Λ is gf-complete,
(2) There exist 0 < A ≤ B < ∞ such that for each finite subset I ⊆ J
and gj ∈ Hj, j ∈ I,
(8) A
∑
j∈I
‖gj‖2 ≤
∥∥∑
j∈I
vjπWjΛ
∗
jgj
∥∥2 ≤ B∑
j∈I
‖gj‖2.
It is easy to check that if Λ is a gf-Riesz bases for H, then the operator
TΛ which is defined by
TΛ : H2 −→ H
TΛ({gj}j∈J) =
∑
j∈J
vjπWjΛ
∗
jgj ,
is injetive.
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Proposition 2. Let Λ = (Wj,Λj , vj) be a g-fusion frame for H and suppose
that (6) holds. Then Λ is a gf-orthonormal basis for H.
Proof. Assume that SΛ is the g-fusion frame operator of Λ and
M := {f ∈ H : SΛf = f}.
It is clear that M is a non-empty closed subspace of H. Let f ∈ H and
k ∈ J. Since
vjvkπWjΛ
∗
jΛjπWjπWkΛ
∗
kΛkπWkf = δj,kπWkΛ
∗
kΛkπWkf,
then πWkΛ
∗
kΛkπWkf ∈ M . So, for any h ∈ M⊥ and g ∈ M we have, for all
j ∈ J
〈πWjΛ∗jΛjπWjh, g〉 = 〈h, πWjΛ∗jΛjπWjg〉 = 0.
Thus πWjΛ
∗
jΛjπWjh = 0 for each j ∈ J, and so ‖ΛjπWjh‖ = 0. By definition
of g-fusion frame, we obtain h = 0. Therefore, M⊥ = {0} and we conclude
H =M . So, SΛ = idH and the proof is completed. 
Theorem 3.1. Λ is a gf-orthonormal bases for H if and only if
(I) vjπWjΛ
∗
j is isometric for any j ∈ J;
(II)
⊕
j∈J vjπWjΛ
∗
j (Hj) = H.
Proof. Suppose that Λ is a gf-orthonormal basis for H. If j ∈ J and g ∈ Hj,
we have
〈vjπWjΛ∗jg, vjπWjΛ∗jg〉 = δj,j〈g, g〉 = 〈g, g〉.
Then, vjπWjΛ
∗
j is isometric for any j ∈ J. So, vjπWjΛ∗j (Hj) is a closed
subspace of H. Therefore, for each j ∈ J and f ∈ H, we have from (7)
〈f, f〉 =
∑
j∈J
v2j 〈ΛjπWjf,ΛjπWjf〉
= 〈
∑
j∈J
v2jπWjΛ
∗
jΛjπWjf, f〉.
Thus, for each f ∈ H,
f =
∑
j∈J
v2jπWjΛ
∗
jΛjπWjf.
By letting gj := vjΛjπWjf , we obtain f =
∑
j∈J vjπWjΛ
∗
jgj and∑
j∈J
v2j‖πWjΛ∗jgj‖2 =
∑
j∈J
‖gj‖2 =
∑
j∈J
v2j‖ΛjπWjf‖2 = ‖f‖2.
So,
⊕
j∈J vjπWjΛ
∗
j(Hj) = H. Conversely, if (I) , (II) are satisfied, then (6) is
clear. Indeed, for each i 6= j, viπWiΛ∗i ⊥ vjπWjΛj and vjπWjΛ∗j is isometric.
Let f ∈ H, we get from (II) for any j ∈ J and some gj ∈ Hj
f =
∑
j∈J
vjπWjΛ
∗
jgj
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and
‖f‖2 =
∑
j∈J
v2j ‖πWjΛ∗jgj‖2 =
∑
j∈J
‖gj‖2.
Now, let i ∈ J, then for each f, h ∈ Hj,
〈vjΛiπWif, h〉 = 〈
∑
j∈J
v2jΛiπWiπWjΛ
∗
jgj , h〉
=
∑
j∈J
v2j 〈πWjΛ∗jgj , πWiΛ∗ih〉
= 〈viπWiΛ∗i gi, viπWiΛ∗ih〉
= 〈gi, h〉.
Hence gi = viΛiπWif for each i ∈ J. So, f =
∑
j∈J v
2
jπWjΛ
∗
jΛjπWjf for all
f ∈ H and (7) is proved. 
Corollary 1. Every gf-orthonormal basss for H is a gf-Riesz bases for H
with bounds A = B = 1.
Theorem 3.2. Let Θ = (Wj ,Θj) be a gf-orthonormal bases with respect to
{vj}j∈J and Λ = (Wj ,Λj , vj) be a g-fusion frame for H with same weights.
Then, there exists a operator V ∈ B(H) and surjective such that ΛjπWj =
ΘjπWjV
∗ for all j ∈ J.
Proof. Let
V : H −→ H,
V f =
∑
j∈J
v2jπWjΛ
∗
jΘjπWjf.
Then, V is well-defined and bounded. Indeed, for each finite subset I ⊆ J
and f ∈ H,
‖V f‖ = sup
‖h‖=1
∣∣〈∑
j∈J
v2jπWjΛ
∗
jΘjπWjf, h
〉∣∣
≤
√
B
(∑
j∈J
v2j‖ΘjπWjf‖2
) 1
2
=
√
B‖f‖,
where B is an upper g-fusion frame bound for Λ. Therefore, the series is
weakly unconditionally Cauchy and so unconditionally convergent in H (see
[7] page 58) and also ‖V ‖ ≤ √B. Since Θ is a gf-orthonormal bases, then
ΘjπWjπWiΘ
∗
i g = (vivj)
−1δi,jg
and
V πWiΘ
∗
i g =
∑
j∈J
v2jπWjΛ
∗
jΘjπWjπWiΘ
∗
i g
= πWiΛ
∗
i g,
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for all g ∈ Hj and i ∈ J. Thus ΛjπWj = ΘjπWjV ∗. Now, we show that V
is surjective. Assume that f ∈ H. By Theorem 2.2, there is {gj}j∈J ∈ H2
such that
∑
j∈J vjπWjΛ
∗
jgj = f . Let g := TΘ({gj}j∈J), thus
V g =
∑
j∈J
V vjπWjΘ
∗
jgj =
∑
j∈J
vjπWjΛ
∗
jgj = f
and V is surjective. 
Corollary 2. If Λ is a Parseval g-fusion frame for H, then V ∗ is isometric.
Corollary 3. If Λ is a gf-Riesz bases for H, then V is invertible.
Proof. Let V f = 0 and f ∈ H. Since TΛ is injective and
V f =
∑
j∈J
v2jπWjΛ
∗
jΘjπWjf = TΛT
∗
Θf,
therefore, T ∗Θf = 0. So, ‖f‖2 = ‖TΘf‖2 = 0, hence, f = 0. 
Corollary 4. If (Wj,Λj) is a gf-orthonormal bases for H with respect to
{vj}j∈J, then V is unitary.
Proof. By Corollaries 1 and 3, the operator V is invertible. Let f ∈ H, we
obtain
‖f‖2 =
∑
j∈J
v2j‖ΛjπWjf‖2 =
∑
j∈J
‖ΘjπWjV ∗f‖2 = ‖V ∗f‖2.
Thus, V V ∗ = idH and this means that V is unitary. 
4. Characterizations of g-fusion frames, gf-Riesz and
gf-orthonormal bases
Sun in [17] showed that each g-frame for H induces a sequence in H
dependent on the g-frame and he proved a useful theorem about them. In
this section, we are going to express Sun’s method for g-fusion frames.
LetW = {Wj}j∈J be a family of closed subspaces ofH, {vj}j∈J be a family
of weights, Λj ∈ B(H,Hj) for each j ∈ J and {ej,k}k∈Kj be an orthonormal
basis for Hj, where Kj ⊆ Z and j ∈ J. Suppose that
ϕ :h −→ C,
ϕ(f) = 〈vjΛjπWjf, ej,k〉.
We have
‖ϕf‖ ≤ vj‖Λj‖‖f‖,
therefore, ϕ is a bounded linear functional on H. Now, we can write
〈vjΛjπWjf, ej,k〉 = 〈f, vjπWjΛ∗jej,k〉.
So, if
(9) uj,k := vjπWjΛ
∗
jej,k, j ∈ J, k ∈ Kj
then 〈f, uj,k〉 = 〈vjΛjπWjf, ej,k〉 for all f ∈ H.
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Remark 1. Using (9), we get for each f ∈ H
(10) vjΛjπWjf =
∑
k∈Kj
〈f, uj,k〉ej,k.
But ∑
k∈Kj
|〈f, uj,k〉|2 ≤ v2j ‖Λj‖2‖f‖2.
Thus, {uj,k}k∈Kj is a Bessel sequence for H. It follows that for each f ∈ H
and g ∈ Hj
〈f, vjπWjΛ∗jg〉 = 〈vjΛjπWjf, g〉
=
∑
k∈Kj
〈vjπWjΛjf, ej,k〉〈ej,k, g〉
=
∑
k∈Kj
〈f, uj,k〉〈ej,k, g〉
=
〈
f,
∑
k∈Kj
〈g, ej,k〉uj,k
〉
.
Therefore,
vjπWjΛ
∗
jg =
∑
k∈Kj
〈g, ej,k〉uj,k(11)
for all g ∈ Hj.
We say {uj,k : j ∈ J, k ∈ Kj} the sequence induced by Λ.
Theorem 4.1. Let Λ = (Wj ,Λj , vj) and uj,k be defined by (9). Then we
get the followings.
(I) Λ is a g-fusion frame (resp. g-fusion Bessel sequence, Parseval g-
fusion frame, gf-Riesz basis, gf-orthonormal basis) for H if and only
if {uj,k : j ∈ J, k ∈ Kj} is a frame (resp. Bessel sequence, Parseval
frame, Riesz basis, orthonormal basis) for H.
(II) The g-fusion operator for Λ coincides with the frame operator for
{uj,k : j ∈ J, k ∈ Kj}.
Proof. (I). By (10), Λ is a g-fusion frame (resp. g-fusion Bessel sequence,
Parseval g-fusion frame) for H if and only if {uj,k : j ∈ J, k ∈ Kj} is a
frame (resp. Bessel sequence, Parseval frame) for H.
Assume that Λ is a gf-Riesz basis for H and gj ∈ Hj. Thus,
gj =
∑
k∈Kj
cj,kej,k,
where cj,k ∈ ℓ(Kj). Note that, by (10),
{f : ΛjπWjf = 0, j ∈ J} = {f : 〈f, uj,k〉 = 0, j ∈ J, k ∈ Kj〉}
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and
A
∑
j∈I
‖gj‖2 ≤
∥∥∑
j∈I
vjπWjΛ
∗
jgj
∥∥2 ≤ B∑
j∈I
‖gj‖2
is equivalent to
A
∑
j∈I
∑
k∈Kj
|cj,k|2 ≤
∥∥∑
j∈I
∑
k∈Kj
cj,kuj,k
∥∥2 ≤ B∑
j∈I
∑
k∈Kj
|cj,k|2
for any finite I ⊆ J. Thus, Λ is a gf-Riesz basis if and only if {uj,k : j ∈
J, k ∈ Kj} is a Riesz basis.
Now, let (Wj,Λj) be a gf-orthonormal basis for H with respect to {vj}j∈J.
We get for any j1, j2 ∈ J, k1 ∈ Kj1 and k2 ∈ Kj2
〈uj1,k1 , uj2,k2〉 = 〈vj1πWj1Λ∗j1ej1,k1 , vj2πWj2Λ∗j2ej2,k2〉
= δj1,k1δj2,k2 .
So, {uj,k : j ∈ J, k ∈ Kj} is an orthonormal sequence. Moreovere
‖f‖2 =
∑
j∈J
v2j ‖ΛjπWjf‖2 =
∑
j∈J
∑
k∈Kj
|〈f, uj,k〉|2
for any f ∈ H. Hence {uj,k : j ∈ J, k ∈ Kj} is an orthonormal basis. For
the opposite implication, we need only to prove that (6) holds. We have by
(11) for each j1 6= j2 ∈ J, gj1 ∈ Hj1 and gj2 ∈ Hj2 ,
〈vj1πWj1Λ∗j1gj1 , vj2πWj2Λ∗j2gj2〉 =
〈 ∑
k1∈Kj1
〈gj1 , ej1,k1〉uj1,k1 ,
∑
k2∈Kj2
〈gj2 , ej2,k2〉uj2,k2
〉
= 0
and for all g1, g2 ∈ Hj
〈vjπWjΛ∗jg1, vjπWjΛ∗jg2〉 =
〈 ∑
k1∈Kj
〈g1, ej,k1〉uj,k1 ,
∑
k2∈Kj
〈g2, ej,k2〉uj,k2
〉
= 〈g1, g2〉.
(II). By (10) and (11) we have for any f ∈ H∑
j∈J
v2jπWjΛ
∗
jΛjπWjf =
∑
j∈J
∑
k∈Kj
〈vjΛjπWjf, ej,k〉uj,k
=
∑
j∈J
∑
k∈Kj
〈 ∑
k′∈Kj
〈f, uj,k′ej,k′〉, ej,k
〉
uj,k
=
∑
j∈J
∑
k∈Kj
〈f, uj,k〉uj,k.

5. Perturbation of g-Fusion Frames
In this section, we present some perturbation of g-fusion frames and re-
view some results about them. First, we need the following which is proved
in [3].
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Lemma 1. Let U be a Linear operator on a Banach space X and assume
that there exist λ1, λ2 ∈ [0, 1) such that
‖x− Ux‖ ≤ λ1‖x‖+ λ2‖Ux‖
for all x ∈ X. Then U is bounded and invertible. Moreovere,
1− λ1
1 + λ2
‖x‖ ≤ ‖Ux‖ ≤ 1 + λ1
1− λ2 ‖x‖
and
1− λ2
1 + λ1
‖x‖ ≤ ‖U−1x‖ ≤ 1 + λ2
1− λ1 ‖x‖
for all x ∈ X.
Theorem 5.1. Let Λ := (Wj ,Λj , vj) be a g-fusion frame for H with bounds
A,B and {Θj ∈ B(H,Hj)}j∈J be a sequence of operators such that for any
finite subset I ⊆ J and for each f ∈ H
‖
∑
j∈I
v2j
(
πWjΛ
∗
jΛjπWjf−πWjΘ∗jΘjπWjf
)‖ ≤ λ‖∑
j∈I
v2jπWjΛ
∗
jΛjπWjf‖
+ µ‖
∑
j∈I
v2jπWjΘ
∗
jΘjπWjf‖+ γ(
∑
j∈I
v2j ‖ΛjπWjf‖2)
1
2 ,
where 0 ≤ max{λ+ γ√
A
, µ} < 1, then Θ := (Wj ,Θj, vj) is a g-fusion frame
for H with bounds
A
1− (λ+ γ√
A
)
1 + µ
and B
1 + λ+ γ√
B
1− µ
Proof. Assume that I ⊆ J is a finite subset and f ∈ H. We have
‖
∑
j∈I
v2jπWjΘ
∗
jΘjπWjf‖ ≤ ‖
∑
j∈I
v2j
(
πWjΛ
∗
jΛjπWjf − πWjΘ∗jΘjπWjf
)‖
+ ‖
∑
j∈I
v2jπWjΛ
∗
jΛjπWjf‖
≤ (1 + λ)‖
∑
j∈I
v2jπWjΛ
∗
jΛjπWjf‖+ µ‖
∑
j∈I
v2jπWjΘ
∗
jΘjπWjf‖
+ γ(
∑
j∈I
v2j ‖ΛjπWjf‖2)
1
2 .
Then
‖
∑
j∈I
v2jπWjΘ
∗
jΘjπWjf‖ ≤
1 + λ
1− µ‖
∑
j∈I
v2jπWjΛ
∗
jΛjπWjf‖+
γ
1− µ (
∑
j∈I
v2j ‖Λjπwjf‖2)
1
2 .
Let SΛ be the g-fusion frame operator of Λ, then
‖
∑
j∈I
v2jπWjΛ
∗
jΛjπWjf‖ ≤ ‖SΛf‖ ≤ B‖f‖.
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Therefore, for all f ∈ H
‖
∑
j∈I
v2jπWjΘ
∗
jΘjπWjf‖ ≤ (
1 + λ
1− µ
√
B +
γ
1− µ)(
∑
j∈I
v2j ‖ΛjπWjf‖2)
1
2 <∞.
So,
∑
j∈J v
2
jπWjΘ
∗
jΘjπWjf is unconditionally convergent. Let
SΘ : H −→ H
SΘ(f) =
∑
j∈J
v2jπWjΘ
∗
jΘjπWjf.
SΘ is well defined and bounded operator with
‖SΘ‖ ≤ 1 + λ
1− µB +
γ
√
B
1− µ
and for each f ∈ H, we have∑
j∈J
v2j‖ΘjπWjf‖2 = 〈SΘf, f〉 ≤ ‖SΘ‖‖f‖2.
It follows that Θ := (Wj ,Θj , vj) is a g-fusion Bessel sequence for H. Thus,
we obtain by the hypothesis
‖SΛf − SΘf‖ ≤ λ‖SΛf‖+ µ‖SΘf‖+ γ(
∑
j∈I
v2j ‖Λjπwjf‖)2)
1
2 .
Therefore, by (3)
‖f − SΘS−1Λ f‖ ≤ λ‖f‖+ µ‖SΘS−1Λ f‖+ γ
(∑
j∈J
v2J‖ΛjπWjS−1Λ f‖2
) 1
2
≤
(
λ+
γ√
A
)
‖f‖+ µ‖SΘS−1Λ f‖.
Since 0 ≤ max{λ+ γ√
A
, µ} < 1, then by Lemma 1, SΘS−1Λ and consequently
SΘ is invertible and we get
‖S−1Θ ‖ ≤ ‖S−1Λ ‖‖SΛS−1Θ ‖ ≤
1 + µ
A
(
1− (λ+ γ√
A
)
) .
So, the proof is completed. 
Corollary 5. The optimal lower and upper bounds of Θ which defined in
Theorem 5.1 are ‖S−1Θ ‖−1 and ‖SΘ‖, respectively.
Corollary 6. Let Λ be a g-fusion frame for H with bounds A,B and {Θj ∈
B(H,Hj)}j∈J be a sequence of operators. If there exists a constant 0 < R <
A such that ∑
j∈J
v2j‖πWjΛ∗jΛjπWjf − πWjΘ∗jΘjπWjf‖ ≤ R‖f‖
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for all f ∈ H, then Θ := (Wj,Θj , vj) is a g-fusion frame for H with bounds
A−R and min{B +R
√
B
A
,R +
√
B}.
Proof. It is easy to check that
∑
j∈J v
2
jπWjΘ
∗
jΘjπWjf is converges for any
f ∈ H. Thus, we obtain for each f ∈ H∑
j∈J
v2j ‖πWjΛ∗jΛjπWjf − πWjΘ∗jΘjπWjf‖ ≤ R‖f‖
≤ R√
A
(∑
j∈J
v2j ‖ΛjπWjf‖2
) 1
2
and also ∑
j∈J
v2j ‖πWjΘ∗jΘjπWjf‖ ≤ R‖f‖+
∑
j∈J
v2j‖πWjΛ∗jΛjπWjf‖
≤ (R+
√
B)‖f‖.
By using Theorem 5.1 with λ = µ = 0 and γ = R√
A
, the proof is completed.

The following is another version of perturbation of g-fusion frames.
Theorem 5.2. Let Λ be a g-fusion frame for H with bounds A,B and
{Θj ∈ B(H,Hj)}j∈J be a sequence of operators such that for any finite subset
I ⊆ J and for each {fj}j∈J ∈ H2,
‖
∑
j∈I
vj
(
πWjΛ
∗
jfj − πWjΘ∗jfj
)‖ ≤ λ‖∑
j∈I
vj(πWjΛ
∗
jfj)‖+
+ µ‖
∑
j∈I
vj(πWjΘ
∗
jfj)‖+ γ(
∑
j∈I
‖fj‖2)
1
2 ,
where 0 ≤ max{λ+ γ√
A
, µ} < 1, then Θ := (Wj,Θj , vj) is a g-fusion frame
for H with bounds
A
(1− (λ+ γ√
A
)2
1 + µ
)
and B
(1 + λ+ γ√
B
1− µ
)2
.
Proof. Let {fj}j∈J ∈ H2, then
‖
∑
j∈I
vjπWjΘ
∗
jfj‖ ≤ ‖
∑
j∈I
vj
(
πWjΛ
∗
jfj − πWjΘ∗jfj
)‖+ ‖∑
j∈I
vjπWjΛ
∗
jfj‖
≤ (1 + λ)‖
∑
j∈I
vjπWjΛ
∗
jfj‖+
+ µ‖
∑
j∈I
vjπWjΘ
∗
jfj‖+ γ
(∑
j∈I
‖fj‖2
) 1
2 .
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Hence,
‖
∑
j∈I
vjπWjΘ
∗
jfj‖ ≤
1 + λ
1− µ‖
∑
j∈I
vjπWjΛ
∗
jfj‖+
γ
1− µ
(∑
j∈I
‖fj‖2
) 1
2
≤
(1 + λ
1− µ
√
B +
γ
1− µ
)(∑
j∈I
‖fj‖2
) 1
2
.
Let
TΘ : H −→ H2
TΘ{fj}j∈J =
∑
j∈I
vjπWjΘ
∗
jfj.
Therefore, TΘ is a well-defined and bounded. Then, by Theorem 2.1, Θ is
a g-fusion Bessel sequence. Suppose that G := TΘT
∗
ΛS
−1
Λ . Then, we get by
the hypotesis and (9) for fj := ΛjπWjS
−1
Λ f ,
‖f −Gf‖ ≤ λ‖f‖+ µ‖Gf‖+ γ(∑
j∈J
v2j ‖ΛjπWjS−1Λ f‖2
) 1
2
≤ (λ+ γ√
A
)‖f‖+ µ‖Gf‖.
Since 0 ≤ max{λ + γ√
A
, µ} < 1, by Lemma 1, G and consequently TΘT ∗Λ is
invertible and
‖G−1‖ ≤ 1 + µ
1− (λ+ γ√
A
)
.
Now, let f ∈ H and we have
‖f‖4 = |〈GG−1f, f〉|2
=
∣∣〈∑
j∈J
v2jπWjΘ
∗
jΛjπWjS
−1
Λ (G
−1f), f
〉∣∣2
≤
∑
j∈J
‖ΛjπWjS−1Λ (G−1f)‖2.
∑
j∈J
v2j ‖ΘjπWjf‖2
≤ A−1‖G−1f‖2
∑
j∈J
v2j ‖ΘjπWjf‖2
and this copmletes the proof. 
Theorem 5.3. Let Λ be a g-fusion frame for H with bounds A,B and
{Θj ∈ B(H,Hj)}j∈J be a sequence of operators. If there exists a constant
0 < R < A such that∑
j∈J
v2j‖ΛjπWjf −ΘjπWjf
)‖2 ≤ R‖f‖2
for all f ∈ H, then Θ := (Wj,Θj , vj) is a g-fusion frame for H with bounds
(
√
A−
√
R)2 and (
√
R+
√
B)2.
WEIGHTED RIESZ BASES IN G-FUSION FRAMES AND THEIR PERTURBATION 13
Proof. Let f ∈ H. We can write
‖{vjΘjπWjf}j∈J‖2 ≤ ‖{vjΘjπWjf − vjΛjπWjf}j∈J‖2 + ‖{vjΛjπWjf}j∈J‖2
≤ (
√
R+
√
B)2‖f‖2
and also
‖{vjΘjπWjf}j∈J‖2 ≥ ‖{vjΛjπWjf}j∈J‖2 − ‖{vjΘjπWjf − vjΛjπWjf}j∈J‖2
≥ (
√
A−
√
R)2‖f‖2.
Thus, these complete the proof. 
6. Conclusions
In this paper, we could transfer some common properties of g-frames
to g-fusion frames. First, we reviewed gf-Riesz and orthonormal bases
and showed that the weights have basic roles in their definitions. After-
wards, characterizations of these frames were presented in Section 4 by Sun’s
method by using the operator (9). Finally, in Section 5, we introduced the
perturbation of g-fusion frames and reviewed some useful statements.
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